The pseudospin and spin symmetric solutions of the Dirac equation with Hulthén-type tensor interaction are obtained under multi-parameter-exponential potential (MEP) for arbitrary κ states. The energy eigenvalues and the corre-sponding eigenfunctions are also obtained using the parametric Nikiforov-Uvarov (NU) method. Some numerical results are also obtained for pseudospin and spin symmetry limits.
Introduction
The Klein-Gordon, Dirac and Duffin-Kemmer-Petiau (DKP) equations plays an important role for describing particle motions. Over the last decades, there has been many studies on relativistic wave equations with various interactions. The Dirac equation, which describes the motion of spin-1/2 particles, has been used in solving many problems of relativistic quantum mechanics. Searching for the Dirac particles interacting with various physical interactions has attracted much attention in recent years.
In nuclear theory, in order to clarify the quasi-degeneracy between single-nucleons 1 the pseudospin symmetry is introduced [1, 2] . It is well known that the pseudospin symmetry occurs under a more general condition, [V ( ) + * E-mail: sortakaya@erciyes.edu.tr S( )]/ = 0, where V ( ) and S( ) are vector and scalar potentials, respectively [3] [4] [5] . Otherwise, the spin symmetry occurs when [V ( ) − S( )]/ = 0 [6, 7] . It is necessary to use approximations and symmetries in order to obtain analytical solutions of the Dirac equation. Because of mathematical difficulties, the Dirac equation in the presence of various potentials requires extra-mathematical methods.
Recently, the Dirac equation under the pseudospin symmetry and spin symmetry with various type potentials have been studied by many authors [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Within framework of the Dirac oscillator, the tensor potential was introduced with substitution → −i β·ˆ U( ) [22] . Furthermore, the tensor interactions on the pseudospin and spin doublets have also been studied [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . Likewise, the relativistic 1 Here the quantum numbers of single-nucleons are
symmetries under the diatomic molecular potentials has been studied in recent years [34] [35] [36] [37] .
In this study, we obtain the bound state solutions of Dirac equation under multi-parameter exponential potential (MEP) in the presence of Hulthén-type tensor interaction. The MEP model is given as
(1) where 0 , , , and are dimensionless parameters, V 1 , is the potential parameter in the energy unit. For the special case = = −1, = 1, the above potential becomes modified Hylleraas-type potential [32, 33] . In this study, we consider the special case of MEP. The paper is organized as follows: In Section 2, we review Dirac equation in the presence of tensor interaction. In Section 3, parametric Nikiforov-Uvarov (NU) method is given. In Section 4, solutions to Dirac equation with MEP model and Hulthén-type tensor interaction within framework of the relativistic symmetries are given. The last section is devoted to a brief summary and conclusion.
Dirac equation under tensor interaction
The Dirac equation (in the atomic units i.e, = = 1 ) under tensor potential is given by
where U( ) denotes tensor potential, µ is the reset mass, = − ∇ is the momentum operator, α and β are 4 × 4 Dirac matrices defined as
where I is 2×2 identity matrix and σ denotes three-vector spin matrices
For a spherical nucleons, the total angular momentum J and spin-orbit for unaligned spin = − 1 2 and aligned spin = + 1 2 , respectively. Then, the Dirac-spinors (with radial quantum number, and spin-orbit quantum number, κ) can be written as follows:
where Y (θ ) and Y˜ (θ ) are spin and pseudospin spherical harmonics, respectively, F κ (r) and G κ (r) radial wave functions of the upper-and lower-spinor components. By substituting Eq. (5) into Eq. (2), we obtain two couples differential equations for the upper and lower components
where ∆( ) = V ( ) − S( ) and Σ( ) = V ( ) + S( ). From Eqs. (6a) and (6b), two second-order differential equations for spinor components are obtained as follows:
where κ(κ + 1) =˜ (˜ + 1) and κ(κ − 1) = ( + 1).
Mathematical model
In order to obtain the solutions of Dirac equation with relativistic symmetry, Nikiforov-Uvarov (NU) method can be used [38] [39] [40] [41] . In the parametric NU method, we consider quantum mechanical equation model (QMEM) as follows [38, 39] :
The parameters relevant to Eq. (8) is given by
Within framework of the NU method [38] , the energy eigenvalue equation is given as
and the general solution reads
where
(1 − 2α 3 ) is Jacobi functions.
Approximate solutions of Dirac equation

Pseudospin symmetry
The pseudospin symmetry occurs when Σ( ) = 0, i.e., Σ( ) = C ps = const The difference potential ∆( ) is taken as special case of MEP model,
The Hulthén tensor potential is given as (13) where δ = 2α is the potential parameter having dimensions of inverse length (that is fm
−1
). Putting the above potentials into Eq. (7b), we find that 
Due to 1/ 2 and 1/ terms, we should apply an approximation model for obtaining analytical solutions. For small potential range, this approximation is given as [42] [43] [44] [45] 
The above approximation models for α = 0 05 fm −1 are plotted in Fig. 1 
where we define a new tensor expression in the form
if we define a new variable of the form = −2α
, we have QMEM
Comparing the Eqs. (8) and (18), the constant parameters are given as
Thus, the energy spectrum is obtained as follows: 
We can also obtain spinor wave functions by using parametric NU method. By means of Eq. (11), the unnormalized wave functions are determined as 
Spin symmetry
The spin symmetry occurs when ∆( ) = 0, i.e., ∆( ) = C s = const Then, the sum potential Σ( ) is taken as
Substituting Eqs. (23) and (13) 
where tensor coefficient for spin symmetry is given as
We can apply same procedure considered in the previous section. Hence, QMEM for spin symmetry limit is obtained as follows:
By means of NU method, the energy levels for the spin symmetry limit are obtained as 
The upper and lower components of Dirac wave function are obtained as follows: 
Numerical results
The numerical values of relativistic energies under pseudospin and spin symmetry are given in Tables 1 and 2 , respectively. The potential parameters are taken as µ = 10 fm . In order to observe degeneracies between pseudospin doublets (similarly, spin doublets) Fig. 2 figures, we observed that the pseudospin symmetry energy will increase with decreasing tensor parameter, V 0 . Also, one can see that spin symmetry energy eigenvalue decrease with decreasing V 0 . In the Fig. 4 , the energy eigenvalues versus V 1 is given for different states in the case positive (V 1 > 0) and negative potential range (V 1 < 0). The effect of mass on the behavior of energy versus V 1 is plotted in Fig. 5 for different mass values as 10 fm . In Figs. 6 and 7 , we can observe the tensor effect on unnormalized spinor wave functions for pseudospin and spin symmetries, respectively.
Conclusion
In this study, we have investigated the arbitrary κ-state solutions of the Dirac equation for MEP model and Hulthén tensor potential. Within parametric NU method, the energy eigenvalue equations have been found and the corresponding wave functions have been obtained in terms of the Jacobi polynomials. Furthermore, the tensor interaction effect on energy eigenvalues related to potential parameters for spin and pseudospin doublets have been investigated. In the absence of tensor interaction, the degeneracy between members of spin doublets has been observed.
